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Cross Field Transport of Electrons:
Implications for the POLAR Code,
Spacecrafi Charging

1. INTRODUCTION

The emission of a high power electron beam from a vehicle in space can lead to a positive
spacecraft potential thousands of times greater than the ambient plasma temperature. A requirement
of the POLAR codel-2 is that it be able to model this interaction accurately in three dimensions,
including the Earth's magnetic field. Recent work at AFGL has been aimed at validating POLAR in this
limit by comparison with Magnetron Theory as a way of testing its electron tracking accuracy. POLAR
predictions of electron collection in a magnetized plasma will ultimately have to match or be
reconciled with the theories of Rubinstein and Laframboise3 and Parker and Murphy?. These studies
however, use either drift theory or orbit classification to avoid detailed trajectory tracking, thus not
allowing the detailed evaluation of the POLAR method that we seek.

(Received for Publication 16 May 1988)
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The planar magnetron has been studied by many authors; Page and AdamsS, Birdsall and
Bridges® both present analysis of greater detail than that provided here, which is only sufficient to
properly identify the parameters that bear upon our application. Our approach is then to use a space
charge limited diode model, with magnetic field, to characterize the sheath about a probe or spacecraft
in the ionosphere.

2. THE B-SHEATH

The analysis that we present here is that of a steady state 'Magnetron’ planar sheath with crossed
electric E and magnetic fields B (Figure 1). It is not a complete magnetized-plasma-probe theory, but
we feel that our 'B-Sheath' solution can provide insight similar to that provided by the Child-
Langmuir?-8 model for the non-magnetized sheath by identifying the key parameters and
characteristics of the problem.

Figure 1 {llustrates the situation where electrons are emitted from the sheath edge at z = O, with
density n_, and velocity z,. We take the transverse velocity to be X, = O at the sheath edge, as well as the
potential, V. The electron charge and mass are -¢ and m, B is in the $ direction and E is in the £
direction.

Our equations are thus:

Force,
mx = eBz (1)
mz = eE ~ eBx (2)
Energy,
1 .9, .0 _1 .2
zm(x% + 2% - eV=3mz, (3)

The connection between a diode model and a plasma sheath is made by recognizing that the flux is
provided by some net drift, v4, so for continuity we have,

n(z)z(z} = ngvy, {4)
and Poisson's Equation,

d2?v/dz2? = enl(z) /e, = en vy/ez = (engz,/eqz) M, (5)

5. Page, L. and Adams, N.I., Jr. (1946) Space charge in plane magnetron, Phys. Rev. 69:9, 10.

6. Birdsall, C.K. and Bridges, W.B. (1966) Electron Dynamics of Diode Regions, Academic Press
Electrical Science Sertes.

7. Child, C.D. (1911) Discharge from hot CaO, Phys. Rev. Ser. I, 32:492.

8. Langmuir, I. (1923) The effect of space charge and inftial velocities on the potential distributfon
and thermionic current between plane parallel electrodes, Phys. Rev. 21:419.




DIODE MODEL

Sheath edge or cathode V=0
1E B O~ x
z
e

\ v>o

Figure 1. Diagram {llustrating a crossed field diode or plasma sheath. The sheath edge
{s modeled as a cathode where both the electric field and potential are taken to be zero.




where Eq. (4) has been employed and we have defined M, = v4/Z, as the electron mach veloctty by
identifying z, as the electron thermal speed.

Integrate Eq. (1), set x, = 0. and substitute into Eq. (3) to get
w222+ 22- 2eV/m = 22 (6)

where w = eB/m is the electron cyclotron frequency. Differentiating twice by z (using d/dz = 7z~ 1d/dt)
gives,

we2 +%Z/2- (e/m)d2v/dz2=0 (7)
Combining Eqs. (5) and (7) we have
Z+ 0 22- 0p?Mez, = O (8)

where wp = \}noe2/eom , is the plasma frequency.
The solution to Eq. (8] is

2= 20" H1I-Mewp?/0c2)sin oct + (Me0p2/w Aot

Define q = wpz/ 02 as the characteristic parameter with qq = Meq as an effective q. Identify a = mz7,/eB
as the ambient gyro-radius, and put the solution in the normalized form,

Z=z/a=(1-qg sinwt + qgwct
with,

Z=%2/wc={l-qg) cosoct +qq

Define a normalized potential & = V/(mz(z,/Ze). and return to Eq. {6} to get
O =(22+22-1) (9)

& could be obtained as a function of t, but with an unnecessary increase in algebraic complexity, since
we can still obtain ® as a function of Z by obtaining Z and Z from t. Note also that

q=0p2/wc2=nm/(e,B?) =a?/kp? (10)

where Ap = Ve kT/ne? is the Debye length.

Figure 2 shows the results of our calculation for selected values of q. The calculations were
halted when Z was observed to change sign, indicating that the electron was turning around to
complete its cycloid. At this point it is helpful to make a distinction between a transmitting sheath
where the electron flux crosses the sheath completely, and a non-transmitting sheath where the
electron flux penetrates a limited distance (and corresponding potential) and returns. The key result
of our analysis is that for qq > 0.5, the sheath is transmitting and the total sheath potential drop is an
unlimited function of the sheath thickness. Figure 3 presents the same results as Figure 2, but with the
coordinate Z, renormalized to the Debye length. From Figure 3, one can easily notice that the
magnetic field does little to affect the sheath structure provided it is not so strong as to cut off the flow
{qq < 0.5). Figure 4, taken from Page and Adams {1958) illustrales the same result, where the current
collected across a diode is little afTected by B until cut off at B > B, where B is found from Eq. (10]) by
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Figure 2. Plot family of the parametric solution of ® vs sheath thickness normalized to
the gyro-radius. Values of qq are indicated on the plot. Note the termination of curves

for which q4 < 0.5.
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Figure 3. The same data as Figure 2 but with the sheath thickness normalized to the
Debye length. Values of qq are indicated along with the terminal points for q4 < 0.5.
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Figure 4. A plot of current vs magnetic field strength where the current is normalized to
the Child-Langmuir space-charge limited current for B = 0, and B is normalized to a
critical value corresponding to q = 0.5 (from Page and Adams, 1958).




seiting g = 0.5, For gg < 0.5 the sheath is transmitting only if the potential and thichness are less
than limits obtained by setting Z = 0, which gives w.t = arccos{1-q4~")"1. For ¢4 < 0.5, this relation has
roots of 1/2 < wt < n; for qq > 6.5, Z > 0 always. For a given qq < 0.5, the limiting ot gives the limiting
&, and Z, which are always small, i.e., Zy. <n/2, ® < [n/2)2-1 = 1.56.

Consider a non-transmitting sheath with @ > > &, {(q < 0.5). For a strictly 1D problem, these
conditions require an evacuated gap large enough to lower the capacitance of the gap to where the
limiited charge of the non-transmitting sheath equals that of the surface. This is of course a condition
of magnetic insulation which can occur for some geometrical arrangements. After consideration of
this possibility, and modeling in 3D with POLAR, which is discussed in the [ollowing section, we are
led to the conclusion that a magnetica; insulating sheath would be unlikely inn any space plasma-
object interactions, and that the same high B conditions that produce a non-transmitting sheath will,
due to minimal increases in cycloid radii. allow charge to transport into the otherwise evacuated gap
from ends any distance away. Stated otherwise, any potentially non-transmitting sheath must be
cansidered first in three dimensions before any simplifications are attempted. It should be noted that
in the low-earth-orbit ionosphere, g > 1 typically for ions, and q < 1 typically for electrons.

A possible weakness in this model is the assumption that particles enter the sheath normal to
the sheath edge. Elsewhere, (Dubs & Cooke)? we have reworked our analysis for entry at an angle «
with the x axis (sheath edgel. We find (hat the minimum value of ¢ for which the particles transit the
sheath is ¢ = 1/(2sinag. Here, we have assumed o = 90°. This model (and POLAR) should be augmented
by a presheath model that accounts for the variation of o with the gyration phase of particles entering
the sheath.

3. POLAR RESULTS

To test POLAR against our B-sheath model, we constructed a flat octagonal disk, pseudo radius of
3.6 meter, moving so that the plasma impinges normal to its face with B parallel to its face. The disk
is at a positive potential of 43 volts, and moves at a speed of mach 8 with respect Lo oxygen ions. and
niach 0.0447 with respect to electrons. The plasma parameters are 0.2 eV temperature for ions and
clectrons, an ambient density of 2.0 x 105/cm3, and a Debye length of 0.74 cm.

The POLAR method of electron tracking begins at a sheath edge, located as an equi-potential,
nseally 0.69 KT, External to this surface the electron distribution is presumed lo be a maxwellian
constrained to fiow only along B. The dot product of the local sheath surface normal with B thus
delenmines the flux and entry velocity ol a super-electron which is then tracked through the sheath to
determine both space-charge density and surface currents. The tracking algorithm has an cfliciency
motivated switch between direct inlegration of the Lorentz equation of motion, and guided center
trajectory. The swilch (o guiding center tracking is made if it appears that the radius of curvature (not
ambicnt, but the aceeleration aflected curvature] will be less than the dimensions of the upcoming

volume element. We demaonstrate that this causes a grid dependence of the results when the resolution

9. Dubs, C.W. and Cooke, D.L. (1987) Paurticle Trajectories and Potentials in a Plane Sheath Moving
tn a Magnetoplasma, AFGL-TR-87-0225. AD A196228




is too coarse, but with sufficiently fine gridding, gives remarkably good agreement with cur B-sheath
predictions.

Madel 1 is a POLAR-disk model with B = 0.2 Gauss, ( = 56, and qg = 2.6. Figure 5 presents 2-D cut
in the plane of the flow vector (+Z, from the left) and B (+Y, out of the page, thus, along the leading lace)
any E x B drift will be +X. Figure 5 shows the equi- potential contours, while Figure 6 shows the
sheath surfaces and particle tracks with the contours removed for clarily. A wake structure
characterized by weak negative potentials can be observed in the figures. Note that the electron
cmitting sheath edge (- symbol} is smooth, and most of the electron tracks traverse the sheath to the
face. This is the anticipated behavior as both g and g are greater than 0.5, Figure 7 shows the POLAR
solution for B = 0, which can be scen to be qualitatively similar to model 1.

For model 2. Figure 8, B is increased to 0.3 Gauss with q = 22.0, and ¢4 = 1.1. The sheath still has
the nominal no-B appearance, but many electrons are starting to drift along the sheath edge.

In model 3, Figare 9, B is increased to 0.5 Gauss, with ¢ = 8.2 and ¢4 = 0.38. Radically different
cleetron behavior is observed, with most ram electrons drifting parallel to the sheath edge. giving rise
to strong spatial perturbations of the sheath edge. It should be noticed that there is still significant
space charge in the sheath, but that it is now coming from the edges of the disk.

Figure 10 is a replay of model 1, but with the grid resolution reduced by half. The tendency
towards premature guiding center treatment can be observed in the increased number of drifting
trajectories as il g had been reduced. In this case, the ram side sheath is resolved with about three
mesh intervals, which would be the limit of POLAR's accuracy with or without a magnetic field due to
the non-linear nature of a sheath.

4. DISCUSSION AND CONCLUSIONS

Linson!Q has previously observed the importance of g in determining electron sheath physics,
anud the tendencey for crossed field (£ and B) beams to be unstable for ¢ ~ 0.5. POLAR is not a time
dependent simulation code, but the standing waves on the surface of our lowest ¢ sheath might be
construed to be an artifactual analog of the electrostatic instability invoked by Linson and studied by
Bonemann and Linson!l, Our study of the B-sheath leads us to disagree with Linson on the point that
for q > 0.5, turbulence is not needed for the transport of electrons across B. However, instabilities at
the sheath edge mav still play an important role in increasing the electron flux through the sheath
cdge and narrow the gap between the plasma g and the effective qq for the sheath.

We may now also tie together our previous conclusion about the inescapability of end elfects for
the fong ‘evlinder’ problem, and the problem that arises with qq when an object is stationary, and the
ambient gyro radins is small compared to the cylinder radius. In this case, electrons find their way to
the sheath edge only along B so there will be no flux through the sheath if its edge is exactly parallel to
B, This is no problem il 13 is so strong (g - < 1) that charge transporting along B within the sheath (from

10 Linson, R (19¢9 Current-voltage characteristics of an electron-emitting satellite in the
ionosphere. J. Geophys. Res. 74:9.




30.0 CONTOUR-LEVELS/OLTS
00-0“°‘°‘0Q -0.220 T
25.0] od pP-RE -0.022
66 pr_ _3
0 # - ‘{/"aq\:'" F 0.
2004 g tt:_ 5,: }V” E 0.022
o | » 1l B ;
b | b2 =| 1\ A 0.220 P
o | = ZHdt [1 :
15.0] 0 > == @a j 10.000
X E N =i =5g : % 20.000
=Tl §
10.04 8 -1 ’ F ] 30.000
8 b " [ : j
b5 ﬂ ‘_,_,; o ] 40.000
s.of | 0| P E AT 1
ﬁ % 1; =l' "',z~ g 50.000
0.0] 0b R "E:,’ /
o P~P~p.p.P
\0_
%0.0.0000
-5.04 + e ———+
0 4 8 12 18 20 24
2
MODEL 1 q=514, q4=26, B=02G©®

M; =80, M,=005, V,=430v, R=18m
N, = 20x105 cc™1 , kT = 02 eV, Ay = 074 cm

Figure 5. POLAR 2D slice plot through the middle of the 3D grid and disk. Plasma flows from the
left. Electron trajectories are started (symbol -) just inside the sheath edge (symbol P). The zero
potential contour is indicated by a 0, and T marks the negative potential sheath edge where ion
trajectories could be, but were not initiated. Coordinate scale is in grid units of 0.18 meters.




Figure 6. Model 1 with just electron trajectories.
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Figure 7. Similar model, but with B=0, g =ce.
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MODEL 2 q=220, qz=11, B=03G ©
M; =80, M, =005, V,=430v, R=18m
N, = 20x105 cc~ 1, kT = 02 eV, Ay = 074 cm

Figure 8. POLAR 2D slice plot through the middle of the 3D grid and disk. Plasma flows from the
left. Electro. trajectories are started (symbol ~) just inside the sheath edge. The symbol + marks
where the jons are started inside the negative potential sheath edge. Coordinate scale is in grid

units of 0.18 meters.
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N, = 20x105 cc™ 1, kT = 02 eV, Ay = 074 cm

Figure 9. POLAR 2D slice plot through the middle of the 3D grid and disk. Plasma flows from the
left. Electron trajectories are started (symbol -) just inside the sheath edge. The symbol + marks
where ions are started inside the negative potential sheath edge. Coordinate scale is in grid units
of 0.18 meters.
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MODEL 1 Grid Test; q=560. qa=26. B=01G®
M, =80, M, =005, V,=430v, R=18m
N, = 20x105 cc™ 1, kT = 02 eV, Aq = 074 cm

Figure 10. Rerun of Model 1, but with Grid Resolution Halved to 0.36 Meter/Grid Unit.




the ends) provides charge for the shielding. For q < 0.5, however, this end-effect charge will still
undergo an enlargement of the individual cycloids, causing some of this charge to impact the cylinder
surface. This would lead to an enlaigement of the sheath and a sheath edge making an angle with B,
thus allowing a flux to the sheath edge and a non-zero qq.

We conclude by commenting on the value of modeling. In this study, our end eflect conclusion
was greatly influenced by its unavoidable presence in the POLAR models.
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